Quantum hadrodynamics are studied with non-perturbative renormalization group equations. It is shown that the contributions of one-loop diagrams are important for the effective potential, since effective couplings of lower-order interactions in the effective potential are only slightly affected by quantum effects at low energy. The relation between the localpotential approximation (LPA) and the traditional Hartree approximation is discussed. The LPA includes the contribution of the Fock term to the nucleon self-energy, the contribution in the random phase approximation to the meson self-energy, and vertex corrections in part, as well as the Hartree contribution to the effective potential. §1. Introduction
§1. Introduction
In the past quarter century, nuclei and nuclear matter have been studied in the framework of quantum hadrodynamics (QHD). 1), 2) The meson mean-field theory of nuclear matter 1) has produced successful results to account for the saturation properties at normal nuclear density. Following these successes, many studies and modifications have been made of relativistic nuclear models. One of these modifications is the inclusion of vacuum fluctuation effects, which cause divergences in physical quantities when they are naively calculated. Chin 3) estimated the vacuum fluctuation effects in the Hartree approximation by using a renormalization procedure, and found that vacuum fluctuation effects make the incompressibility of nuclear matter smaller and closer to the empirical value than in the original Walecka model.
Although the relation between QHD and the underlying fundamental theory, i.e., QCD, is not clear, it is natural that QHD is not valid at very high energy. From this point of view, a cutoff or a form factor should be introduced into the theory of QHD. One may introduce such a cutoff 4) or form factor 5) to avoid the instability of the meson propagators in a random phase approximation (RPA). 6) Cohen 7) introduced a four-dimensional cutoff into the relativistic Hartree approximations (RHA) and found that the vacuum energy contributions may be somewhat different from those in the ordinary renormalization procedures, if the cutoff is not too large.
One troublesome problem in the use of a finite cutoff is that physical results depend on the value of the cutoff and the shape of the regulator which are introduced into the theory by hand. It is difficult to determine a suitable value of the cutoff and an appropriate shape of the regulator phenomenologically.
In a series of papers, 8) - 10) we have studied nuclear matter properties and the vertex corrections in the framework of a finite cutoff field theory with an extended effective action. In these studies, we were able to eliminate such an unphysical cutoff dependence in physical quantities by determining the coupling constants of the intermediate order interactions in the extended effective action phenomenologically. 11) The extended action used in the method employed there is essentially the same as that used in the non-perturbative renormalization group (NPRG) equations. 12) - 29) In fact, the former is a perturbative approximation of the latter. Therefore, it is natural to use the NPRG equations in QHD (more generally in nuclear physics), since QHD has strong couplings. In this paper, we study QHD using the NPRG equations and derive well-known approximations in QHD from the NPRG equations. This paper is organized as follows. In §2, we solve the NPRG equations for the σ-nucleon system by using a local-potential approximation (LPA). 14), 16), 17), 19) -22), 25) -27), 29) In §3, the relation between the LPA and the traditional Hartree approximation in QHD is discussed. It is shown that contributions of one-loop diagrams are important for the effective potential, since couplings of lower-order interactions in the effective potential are only slightly affected by quantum effects at low energy. The LPA includes the contribution of a Fock term to the nucleon self-energy, the contribution of a random phase approximation (RPA) to the meson self-energy, and vertex corrections in part, as well as the Hartree contribution to the effective potential. Section 4 is devoted to summary. §2. Non-perturbative renormalization group equations in quantum hadrodynamics
We use the NPRG equations with a sharp cutoff function θ(Λ − |p|) [Refs. 13), 14), 16), 17), 19)-21), 24), 27)], where Λ is the cutoff for the four momentum p in Euclidean space. First, we study the NPRG equations at zero baryon density. For simplicity, we treat only a nucleon (denoted by ψ) and a σ-meson (denoted by φ) in the NPRG equations.
Using the sharp cutoff function, the Wilsonian effective action S[Θ, Λ] is given by
where Θ i ∈ {φ, ψ,ψ}, and g is a coupling which, in general, depends on p and Λ. The generating functional Z [J] for Schwinger functions (Euclidean-space Green functions) is given by
where J i is the source function for the field Θ i . Next, we set Λ = Λ 0 exp (−t), where Λ 0 is the initial value of the cutoff and t is a dimensionless parameter which runs from 0 to infinity. The NPRG equations are derived by varying the cutoff and by considering the response of the theory subject to the constraint that the Schwinger functions remain unaltered. For the details of the derivation, see Ref. 19) .
Below, we only use the LPA, 14), 16), 17), 19) -22), 25) -27), 29) in which, except for kinetic terms, the field Θ is approximated as a constant:
This approximation is the lowest term of a systematic momentum (or derivative) expansion.
In this approximation, the (Wilsonian) effective action is given by
where V (Θ; Λ) is the Wilsonian effective potential. Furthermore, we assume that the effective potential V (Θ, Λ) depends only on a real scalar field φ and σ =ψ i ψ i . In this approximation, V (Θ, Λ) is given by
where C l,m (t) denotes a coupling which does not depend on p but does depend on t.
Below we do not express the t dependence of C l,m explicitly for simplicity. Next, we rescale the momentum p, the field Θ i and the couplings C l,m aŝ 6) where d Θ i and d c l,m are the naive dimensions of the fields and the couplings, respectively. In this section, below, we work only with dimensionless momenta, fields and couplings and drop the caret notation on all quantities.
In these approximations, the NPRG equations for the σ-nucleon system is given by
where
)
λ is the number of degrees of freedom of the isospin of the fermion (λ = 2 for nucleons), and U σ = ∂ ∂σ U , etc. As seen below, the first three terms on the right-hand side (r.h.s.) of Eq. (2 . 7) reflect effects of the naive dimensions of the original couplings without the caret. Below, we call this part a "naive dimensional part". The fourth and the fifth terms on the r.h.s. of Eq. (2 . 7) look like bosonic and fermionic one-loop contributions, respectively. Below, we refer to them the "bosonic (B) part" and the "fermionic (F) part." The last term on the r.h.s. of Eq. (2 . 7) has both bosonic and fermionic contributions. We call this part the "boson-fermion (BF) part." As is seen in (2 . 7), the BF part has at least one σ. Therefore, this term contributes directly only to the evolutions of the couplings of the interactions which have at least one σ.
In the numerical calculations, we truncate infinite series in Eq. (2 . 5) as follows:
This means that we neglect higher order interactions φ l σ m whose naive dimensions are greater than 8. If we put (2 . 10) into the first three terms of the r.h.s. of Eq. (2 . 7), we obtain
We see that the naive dimension d c l,m of the coupling C l,m appears before the corresponding coupling.
In Figs. 1-4, we display some results of the numerical calculations. In these results, at t = 0, we set C 2,0 = 0.05, C 4,0 = 2.5, C 0,1 = 0.3, C 1,1 = −2.0, and set the other couplings to zero. Although in this paper we only give results for one set of initial conditions, the qualitative features are unchanged if we change the initial conditions to some extent.
It is seen that a coupling with positive naive dimension rapidly increases in the large t region (Fig. 1) , while a coupling with negative naive dimension rapidly decreases in the same region (Fig. 3) . Couplings whose naive dimensions are zero approach a constant value in the large t region (Figs. 2 and 4). These properties of the couplings reflect the effects of the naive dimensions d c l,m which appear in (2 . 11). The effective couplings evolve approximately proportionally to exp (d c l,m t) at large t, e.g., C 2,0 ∼ exp (2t), C 4,0 ∼ const, C 6,0 ∼ exp (−2t) and C 1,1 ∼ const. However, as is seen in Fig. 3 , couplings with negative dimensions may increase in the small t region due to effects of the complicated interactions included in the B, the F and the BF parts in Eq. (2 . 7). This implies that these couplings may be important if we are interested in "high-energy" physics whose energy scale is close to Λ 0 . 11), 19), 8) - 10) As seen above, the BF part does not contribute directly to the evolution of C l,0 . In Figs. 5 and 6, we display the contributions of the B and the F parts in Eq. (2 . 7) to the evolution of C 4,0 . The B and F parts cancel each other only partially, and they yield some amount of total contribution. In Figs. 7-9, we display the contributions of the B, the F and the BF parts to the evolution of C 1,1 . In these figures, we see that the contributions of the B and F parts only slightly cancel the dominant BF part. The BF part is important for the evolution of C 1,1 . However, the entire contribution is much smaller than for C 4,0 . The evolution of C 1,1 may be neglected in a crude approximation.
Before closing this section, we add the following three comments. The first is concerning the validity of the truncation of the effective potential in Eq. (2 . 10). To check this validity, we have done the same calculations using the following effective potential, which has additional interactions of one higher order than those in Eq. (2 . 10):
We found that the results are hardly changed by including these next-order interactions. This supports the validity of the approximation in (2 . 10). The second comment is concerning the physical meaning of the effective couplings in the Wilsonian effective action. These couplings do not include all quantum corrections unless Λ becomes zero. In this sense, they are not "physical" quantities. However, knowing the Λ dependence of these couplings, we can know which interactions are important at each energy level. It is also pointed out that the effective couplings in the NPRG equations are related with the so-called "running couplings" in the Callan-Symanzik equation. 23) The last comment is concerning the upper cutoff Λ 0 . In the NPRG equations, a definite value of Λ 0 is not important, since we re-define the effective action at each Λ. However, if we treat the nucleons as the dynamical degrees of freedom, we should use a value of Λ 0 which is larger than the nucleon mass. On the other hand, it is natural to think that QHD is not valid at very high energy. Therefore, it may be favorable to use Λ 0 ≈ 1-2 GeV for phenomenological calculations. §3. A relation between the local-potential approximation and the Hartree approximation
In this section, we discuss the relation between the LPA [Refs. 14), 16), 17), 19) -22), 25) -27), 29)] in the NPRG equations and the traditional Hartree approximation in QHD. 1) -3), 7) -9) We will truncate the r.h.s. of Eq. (2 . 7) with some approximations which are justified by numerical analyses of the NPRG equations. First, we apply the inverses of the scalings listed in Eq. (2 . 6):
where we have restored the caret notation defined in §2. With these replacements, the naive dimensional part in Eq. (2 . 7) vanishes, and we obtain
where the effective potential V is defined by (2 . 5) and
The function f (Λ, µ) in Eq. (3 . 2) is given by
where µ is an arbitrary scale parameter with the dimension of mass. The function f (Λ, µ) does not depend on the fields φ and σ. Therefore, this term contributes only to the evolution of the coupling C 0,0 , which is the absolute value of the effective potential at the origin (φ, σ) = (0, 0). Since C 0,0 must be determined phenomenologically in the actual calculations, we drop f (Λ, µ) below for simplicity. Next, we divide V in three parts as
In Fig. 10 , we show the σ dependence of V . The initial conditions are the same as in §2. It is seen that V is well approximated by a linear function of σ. Therefore, below we neglect V higher σ . With this approximation, Eq. (3 . 2) is reduced to the following two equations:
(3 . 7) Fig. 10 . V at φ = 0.1Λ 0 and t = 4. Fig. 11 . The evolutions of the couplings C l,m without the caret. The solid, the bold solid and dotted curves represent the t dependences of C 3,0 , C 9,0 and C 0,1 , respectively. These couplings are normalized by the corresponding couplings at t = 4.
We remark that the BF part of Eq. (2 . 7) has been dropped, in Eq. (3 . 7), as is seen in §2.
Unfortunately, it is difficult to analytically integrate out the differential equations (3 . 7) and (3 . 8), since the unknown Λ dependence of the couplings appears on the r.h.s. of the equations. Therefore, we divide the integrations into two steps. 19) First, using the original renormalization group equation (2 . 7), we calculate the coupling evolutions from t = 0 to t = t * = ln (Λ 0 /Λ * ), below which the couplings C l,m of the lower-order interactions vary slowly. We remark, however, that, Λ * should be larger than the typical energy scale µ tp of the theory. Below, we use the term "high energy" for the case t < t * and "low energy" for the case t > t * .
In Fig. 11 , we display the t dependence of the couplings C 3,0 , C 9,0 and C 0,1 . We remark that, in contrast to the couplings in Figs. 1-4, these couplings are the original ones, without the caret. These couplings are normalized by the coupling at t = 4. In the low-energy region of t (> 1), C 3,0 and C 1,0 vary little. On the other hand, C 9,0 varys greatly in the low-energy region (t > 1). However, the higher-order interactions are not important for the evolutions in the low-energy region, as was seen in the previous section. Therefore, below t * , we perform the integration after setting the couplings on the r.h.s. in (3 . 7) and (3 . 8) as constants.
The results in Fig. 11 imply that couplings of lower-order interactions are only slightly affected by quantum effects at low energy and are dominated by quantum effects in high-energy regions. Therefore, they diverge when the initial (ultra-violet) cutoff goes to infinity. It should be remarked that, as is seen in §2, the couplings of lower-order interactions are important for the evolution of the effective potential at low energy, although they themselves are only slightly affected by the quantum effects at low energy.
For the constant couplings, we use the couplings at Λ = 0 rather than those at Λ = Λ * . This approximation may be justified by the following argument. For example, consider the integral
We expand this integral in powers of φ around φ = 0.
(3 . 10)
In actual calculations, we must determine some lower terms of φ phenomenologically. For example, in the ordinary renormalization procedure, 3), 2) we must determine the coefficient of φ n when n is smaller than 5. In the case of the finite cutoff field theory, we may need to determine some intermediate-order terms to remove an unphysical cutoff-dependence in physical results. 11), 8) -10) Therefore, the quantities we can calculate are the coefficients of the higher terms in Eq. (3 . 10). In such a term, the integrand has a large power of p in the denominator. This implies that such an integral is dominated by the low-energy behavior of the integrand. Therefore, we use the low-energy couplings at Λ = 0 rather than the couplings at Λ = Λ * . It should be remarked that, in contrast to the lower-order couplings, the couplings of higherorder interactions are not important for the evolution of the effective potential at low energy, although they themselves originate mostly in the quantum fluctuations at low energy.
Using the couplings at Λ = 0, we get
where and
are the σ-meson and the nucleon full propagators, respectively, I s is a unit matrix in spinor space, and the traces are taken over both the spinor and isospin indices. The first terms on the r.h.s. of Eqs. (3 . 11) and (3 . 12) play the roles of counterterms in the ordinary renormalization procedure. The second and third terms on the r.h.s. of Eq. (3 . 11) are the bosonic and the fermionic "modified" one-loop contributions, respectively. Equation (3 . 12) is a "modified" one-loop equation for the scalar part of the nucleon self-energy, i.e., an effective nucleon mass. In particular, the third term on the r.h.s. corresponds to a Fock-term. In Figs. 12(a) and (b) , we show the graphical expressions for Eqs. (3 . 11) and (3 . 12).
If we consider the second derivative of both sides of Eq. (3 . 11) with respect to φ, we get a "modified" one-loop equation for the effective σ-meson mass:
The graphical expression for Eq. (3 . 15) is shown in Fig. 13(a) . Similarly, if we differentiate both sides of Eq. (3 . 12) with respect to φ, we get a "modified" one-loop equation for an effective Yukawa coupling with vanishing external momentum:
The graphical expression for Eq. (3 . 16) is shown in Fig. 13(b) .
In Fig. 14 , we display the φ-dependence of V (1) obtained by solving the NPRG equations. The initial conditions are the same as in §2. We see that V (1) can be well approximated by a linear function of φ as 17) where M * is the effective nucleon mass. If we substitute Eq. (3 . 17) into Eq. (3 . 11) and regard V φφ (φ; 0) as a constant parameter m 2 s on the r.h.s. in Eq. (3 . 11) , the bosonic loop part in Eq. (3 . 11) yields only a constant contribution, which is determined phenomenologically. Therefore, the bosonic loop part can be dropped. Now we get the usual RHA. 3), 2), 7) -9) Under the same approximation, the second term of the r.h.s. of Eq. (3 . 12) vanishes. Equation (3 . 12) then reduces to an equation for the Fock-term contribution 30) with vanishing external momentum. Similarly, only the first and last terms of the r.h.s. of Eqs. (3 . 15) and (3 . 16) remain. We thus get the equations for the RPA 6), 5), 4) and the vertex corrections, 10) respectively.
The results presented above are those at zero baryon density. To justify the Hartree approximation at finite baryon density, we need to generalize the NPRG equations to finite density. 25 19) where P and P F are the absolute value of the three-dimensional momentum and the Fermi momentum, respectively. Equation (3 . 19) resembles the effective potential for the RHA. However, in contrast to the ordinary RHA, the higher-order corrections are included in the corrections to the effective couplings in Eq. (3 . 19) . Furthermore, the effects of the ω-meson should be included to study nuclear matter. Here we only add a mean field potential of the ω-meson to the total energy of the system. In this approximation, the total energy density in the nuclear matter is given by 20) where m v , g v and ρ are the ω-meson mass, the ω-nucleon coupling and the baryon density, respectively. We recall that V (0) plays the role of the "counter-term" in the ordinary renormalization procedure. If we expand V (0) in terms of φ as
and use the linear approximation (3 . 17), we get the phenomenological model used in Refs. 8)-10). We remark that the cutoff Λ * is introduced into the theory by hand. However, if we use a value of Λ * which is larger than the typical energy scale µ tp of the theory, the Λ * -dependence of the effective couplings at t = ∞ are of order (µ tp /Λ * ) 4−d I where d I is the naive dimension of the effective interactions. Therefore, truncating the higher-order (l > L) terms in (3 . 21), we can remove the unphysical Λ * dependence of order (µ tp /Λ * ) 4−L by determining the couplings c l in the remaining lower-order (l ≤ L) terms phenomenologically. This procedure corresponds to the ordinary phenomenological renormalization procedure in the theory with an infinite cutoff. 11) For example, if we determine the effective couplings of the interactions φ 5 and φ 6 phenomenologically, as well as the effective couplings of the relevant interactions, we can remove the Λ * dependence of order (µ tp /Λ * ) 2 in the RHA. 8), 9) §4. Summary
In this paper, we have studied QHD using the NPRG equations. The main results obtained here are summarized as follows.
(1) The relations between the LPA for the NPRG equations and the Hartree approximation were studied. The importance of the one-loop contribution in lowenergy physics was shown. It was found that the LPA contains not only the Hartree contribution but also the contributions of the Fock term, the RPA, and the vertex corrections with vanishing external momentum.
(2) The effective couplings of lower-order interactions are only slightly affected by the quantum effects at low energy and are mainly determined by the quantum effects in the high-energy region. They are important for the evolution of the effective potential at low energy. On the other hand, the effective couplings of higher-order interactions originate mostly in the low-energy quantum fluctuations. However, they contribute only very little to the evolution of the effective potential at low energy. These properties of the effective couplings ensure the validity of the "modified" oneloop approximation in low-energy physics.
In this paper, we solved the NPRG equations only at zero density. It would be interesting to solve the NPRG equations at finite density and study the density dependence of the effective couplings in QHD. Such investigations are now in progress.
